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Poszensanymo 3a0ayy mooemosanns meuii 6 ’s3K0i piOuHu NOBEPXHEI0 NAACMUHY 34 YMOBU 3MIHU MUCKY 32I0HO 3
JUHIUHUM 3G$KOHOM N0 RO3008HCHIT KOOpOuHami. 30IICHEHO NOCMAHOBKY SPAHUYHUX YMO8 3a0ayl. 3HAllOeHO MOouHUl
Ppo38’s30K cucmemu pienanv Hae'e-Cmoxca 6 3a0aui 0OmikanHs niacmunu 3 8i060pom piOuHu 3a HA8HOCMI NO-
30080iCHb020 nepenady mucky. Q0epiucano po3paxyHkosi popmynu Ol GUSHAUEHHS NPOQLII0 WUEUOKOCMI, NPOAHANI-
308aHO 2PAHUYHI BUNAOKU 3 MEMOIO BUABTICHHSL Y3200HCEHOCMI PIZHUX MOOeel , BUSLBIEHO YMOBU, SIKI HAKAA0aOmb-
cs Ha muck, npu sikux cucmema Haes’e-Cmokca mae mounuii poss ’s30x. Pesyromamu pobomu moxcyms Oymu 6uxo-
PUCMAHI BPU MEOPemuyHOMY 0OIPYHMYEAHHI MemOoOL8 GUsLGIEHHS GUMOKIE PIOUH i3 mpybonpoeoois.

Kitrouogi ciioBa: cucrema piBHsHb Hap’e-CToOKca, TOUHMIA PO3B’ 30K, OOTIKAHHS IUIACTHHHU, BUTOKH PiIUHU

Paccmompena 3adaua mooenuposanus meyenus 653K0U JCUOKOCHU NO NOBEPXHOCTU NAACMUHbL NPU YCIOBUU
UBMEHeHUs. OAGIeHUsl N0 JTUHELIHOMY 3aKOHY 800J1b NPOOOAbHOU Koopounamul. Ocyuecmeanena noCMaHo8Ka epanuy-
Hblx yenosuil 3adauu. Haiideno mounoe peutenue cucmemsl ypasuenuil Hasve-Cmoxca 6 3adaue obmexanus nia-
CMUHbL ¢ OMOOPOM HCUOKOCMU NPU HATUYUL NPOOOIbHO20 nepenada oagienus. Tlonyuenvl pacuemnvle hopmyivl
071 onpedeneHust RPoQUIsL CKOPOCU, NPOAHATUZUPOBAHBL NPEeOeibHble CYUAl C Yeablo blAGIEHUS CONACOBAHHO-
cmu pasHuix mooenell, 0OHapydceHbl YCl06uUsl, Halazaemvle Ha dasienue, npu komopwix cucmema Hasve-Cmoxca
umeem mounoe pewenue. Pesynomamol pabomsi mocym 6blmb UCNOAL308AHBL NPU MEOPEMULECKOM 0DO0CHOBAHUU
Memo008 OOHAPYICEHUsL YMeUeK HCUOKOCMU U3 MPyOonpo8000s.

KiroueBbie croBa: cucreMa ypaBHeHuii HaBbe-CTokca, TOUHOE pellleHHe, 00TeKaHUe IUTACTHHBI, yTeUKa KU
KOCTHU

The problem of viscous fluid flow modeling over the plate surface under the condition of pressure changes ac-
cording to linear law along the longitudinal coordinate has been considered. The boundary conditions for the prob-
lem have been given. The Navier-Stokes equations system exact solution has been found for the fluid outflow stream-
lined plate with the longitudinal pressure drop. The formula to determine the velocity profile has been received, the
limit moments have been analyzed the aim to investigate the consistency between different models, the conditions to
find the exact solution of Navier-Stokes equations system have been defined. The results of this research work could
be used for the theoretical substantiation of the methods used for the definition of pipelines liquid leakage.

Keywords: Navier-Stokes equation’s system, exact solution, streamlined plate, liquid leakage

IIpu BupilIeHH] 3a1a4l BUABJIEHHS MICLSI PO3-
TaH_[yBgHHH EHTOKiB 3 TpyOONpPOBOIIB BI/IKOpI/IgTO- u@_u i Ua_” _l 6_p Ty & " & .
BYIOTBCSL Pi3HI TEOPETHYHI MiAXO/HM, IO 6a3yIOTb- Ox oy p Ox ox? 6y2 ’
Csl HA OJIHOBUMIDHMX MOJEISIX [1] B Toii xe 4dac
iCHye Kiac 3aj1a4 MHAMIKH B’S3KOI plIH/IHI/I K1 oo v 1dp 52,) 52
JIONYCKAIOTh TOYHi AHANITHYHI PO3B’A3KM i MO- —+0—=———+V ; (D)
KyTh OYTH PO3TIIAHYTI SIK MOAEIBHI 3amadi Juis Ox 6y p Oy ox’ 6y
IIATBEP/UKEHHS. JIOCTOBIPHOCTI LIMPOKOrO KiIacy o ou
EKCIIEPUMEHTAILHUX Ta TEOPETHYHHUX METOIIB. —+—=0,
[lpy npoMy MOXKHA PO3TISIHYTH 3aladi OuTbIIol Ox Oy

PO3MIPHOCTI 3 METOIO JeTalli3allii MOBEIIHKH CHC-
TEMH 32 HasIBHOCTI BUTOKIB. 3 I'paHUYHUMH yMOBaMH:

B poGori [2] po3rasmaerbcs  TOYHUEH u=0, v=-V, mpu y=0;

5 . ? . 2 0 y >
PO3B 30K 3a1a4i OOTIKaHHS IJIACTUHHU 3 BiITOKOM ()
pIIMHE Yepe3 TOBEPXHIO TPH YMOBI, IO THCK pi- u—>Uy, mpu y — oo,
JMHY 3aJIUIIAEThea cTamuM ( p = const ). B Toit ke pe: Vs
qac 1151 yMOBa TOCJIA0IIOE JJOCTOBIPHICTh MOJIETI B

— MBHUJKICTh BiATOKY piannu; U, — MIBH-
JIKICTh TIOTOKY Ha JOCTATHIN BiZCTaHI BiJl MOBEPXHI

TOMY BUTAJIKY, KOIU BiIOIp PIAMHU 3IHCHIOETHCS
3a HasBHOCTI Iepenajay THCKY B3IO0BX IUIACTHHH.
B Takomy BuMNajKy BHHHKAa€E HACTyIHa 3ajaya:
po3B’si3aTH cucTeMy piBHsHB HaB’e-CTokca B 1BO-
BHUMIpHIH TIOCTAHOBII JJISi 3HAXO/DKEHHSI KOMITO-
HEHT V(u,u) BEKTOpa IIBUJAKOCTI JJIS PIiTUHH 3
KiHEMaTUYHOIO B’SI3KICTIO V , TYCTHHOIO p Ta THU-
CKOM p :

TUTACTHHU.

BBakatumemo, 1110, Ha BiAMIHY BiJ iCHY!OUOI
Mojieni [2], THCK € (YHKIEI MO310BXKHBOI KOOp-
nuHaTH: p = p(Xx), 1, 30KpeMa, BPaxoBYIOYH BiJ0-
Mi pe3ynbTati [1]:

p=hkx+pg, 3)
TOOTO, Mae MicCIle JIHIHHUNA mepenan THCKY (as
JIIOYNX TPyOONPOBO/IIB, SK MpaBmio, k < 0).
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Sx iy Bunaaky p = const, nns cucremu (1) B

TaKiil MOCTAHOBIII PO3B’SI30K MOXHA IIyKATH Y BU-
IS

u=u(y), v==Vy;, p=kx+py, “4)
ne p, Ta k — BiZloMi BeTMYMHH.

B Takomy Bumanky cucrema (1) moxke OyTH
3aIMcana y BUIJISII €FHOTO PIBHAHHS:

—Vou'=—£+vu", Q)
P
OCKUTBKH TpH yMoBax (4) B cuctemi (1) apyre ta
TpeTe PIBHSHHS 3aJJ0BOJBHSAIOTHCS TOTOXHO, Tep-
1€ PIBHSHHS 3aMUCYEThCS Y BUTIISL (5).
PiBHsiHHS (5) 3amUCy€ThCS Y BUTIISIL
u'+ﬁu=£y+cl. (6)
1% vp
PiBHsiHHS (6) € HEOMHOPIMHUM PIBHSHHSIM,
SIKE PO3B’SI3YEThCS METOJIOM Bapiallii cTajaux: ofi-
HOpITHE PIBHSIHHS

v
u'+-Lu=0
1%
Ma€ Po3B’ 30K
"o
-y
u=0Ce VvV . 7
3anexHicTh (7) MOAAETHCS Y BUTIISAII:
o,
u=Cy(yle vV , ®)
mifcrasisitoun (8) y (6), omepKyeMo Take piBHSHHSL:
o Vio
, kw7 v’
Cy(y)=—ye +Cie . )
vp

InTerpyBanus (9) n03BONA€E OfepKaTH 3aJIeK-
HICTb:

"o "o
-y —y
v kv v
Cr,(y) = pk; - 76
0 PYo (10)
"o
+ Cl Le v + C2 ,
0
nigcrasistoun (10) B (8) omepxyemo:
"o
e
u(y)=—2 _ kV2 +C~rCe VL (1)
PYo  pVs Yo

Crhin 3a3HauuTH, MO 3aJaHHS TPAHUIHUX
yMOB y BUDIIAI (2), 110 € XapaKTePHUM JUIS 3a1a4i
PO OOTIKaHHS IJIACTUHHU B’SI3KOK PIAMHOIO 3 Bij-
60pOM pEYOBHHHM 4epE3 IMOBEPXHIO, BCTYIAE B
MPOTUPIYYSA 3 JTIHIHHIM JOJIAaHKOM y ¢dopmymi (11).
[MoTpiOHO pO3MNISHYTH IHIMA THI TPAHHYHHX
ymoB, MoaugikyBaBmm ymoBu (2). HeobximHo
3HaiTH KoedinienTu C; Ta C, BUXOAAYH 3 TPaHU-
YyHUX yMOB (2). BuHuKae mutaHHS, SKUM YHHOM
3a7I0BOJILHUTH JIYTY YMOBY (2), sxmo B (11) €
JOZIaHOK, IIO JIHIMHO 3alIeKUTh B ), a, OTKE,

IPaHUIll P ) —> 00 HE ICHYE. 3 I1€I0 METOI0 Ipa-

HUYHI YMOBH (2) MOXYTh OyTH 3alvcaHi y TaKOMy
BUTJISIII:

{uzo, v=-V, nmpu y=0; (12)

u=U,

ne: U, — IBWIKICTb HE30ypeHOTO HOTOKy; Be-
nMYMHA L BU3HAYAETHCS, HAIPUKIIAJ, 3 PO3B’SA3KY
BKa3aHOI 3a/1a4l IpU p = const M Pi3HUX THCKIB
pimMHM Ta Tra3y: BUOHMpAEThCS Take 3HAYCHHS
y=L, npu sKOMy MBHJAKICTb # MAaJO BiIpi3HA-

npu y=1L,

erbest Bin U, . B Takomy BuUmanmky i 3HaxXo-
mkeHHs koedinientiB C; ta C, OIEPKYETHCS CH-

créMa:

C]L+C2 — sz ;
" PYo
0 (13)
Ty L
C]L+Cze v = kv2 —k_+UOO,
0 PV PV

PO3B’SA3aBIIH SKY OJCPKYEMO:
k kL —U., pVy*

Cl = - 5
,DV() _EL
pVovi1l-e
(14)
kL —U., pVy*
C2 = 7
Yoy
pV02 l-e v
[Migcrapistoun (14) B (11), ogepxxyemo:
kv k kL —U  pV,
u(y)= by _ -+ - = VO X
P pVy | PV Yoy
pVovil—e
2 —EJ’
kL — U, pV,
Yy, PV e V (15)
Vo N,
pV02 l1-e v

Onepxanuii pe3ybTaT € JJOCUTh BXKIUBUM 3
TEOPETUYHOI TOYKH 30pY, OCKUIBKH (aKTHUHO,
OJIep’)KaHUI TOYHHMH PO3B’SI30K CHCTEMH DPIBHSHb
Hap’e-Ctokca. [TeBHUM 0OMEKEHHSM OICPIKAHOTO
PO3B’SI3KY € T€, 1110 3aMICTh 3araJIbHUX 1 JOCTATHHO
OYEBHHHUX TPAHUYHUX YMOB, 3aMHUCAHHUX Y (POpMi
(2), BUKOpUCTOBYETHCS PopMa 3aaHHS TPAHUIHUX
yMOB (12), sIKi BAKOPHCTOBYIOTBCS ITPH BUPIIICHHI
MPaKTUYHOI 1HXeHepHol 3aaa4i. HeoOxinHo mepe-
BIDMTH HACTyNHi (akTv: 4u 30iraTHMEThCs Mpo-
¢ine (15) 3 BinoMuM pe3ysbTaTOM [UTst 3371241 IPH
YMOBi CTajocTi TUCKY piauHu. OueBHIHO, IS
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poro Tpeba B Gopmyni (15) po3risHyTH BUNAIOK
k =0. Kpim Toro, po3e’si30K 3a1adi 3a JOIMYIIECHb
(4), Ha BiAMIHY BiJ PO3B’S3KY 3alladi 3a YMOBH
p =const, MICTUTh JIBa JONATKOBUX IapaMeTpH:
TYCTUHY O PIJMHH, 10 OOTiKa€ IUIACTHHY, Ta Be-
NMYMHY K, SIKA XapaKTepusye JiHIHHMIT meperan
THUCKY B3JIOBX JIiHIHHOT kKoopauHatH. L[ BennunHa
BHU3HAYAETHCS EKCIIEPUMEHTAIIBHO.

Ipu k =0 3anexuicts (15) HaOyBae BUTIS LY

u(y) = m, (16)

l-e
110 30iraeThCs 3 pe3yyibraTtamMu [2] mpu p = const
3 TOYHICTIO JO MHOYKHHKA A :

A=1-e =1-

o (17)

Sk nokasano B pobori [2], dopmyna (16), B
SIKIH 3HAaMCHHUK plBHI/II/I OI[I/IHI/IIII € pO3B’$I3KOM
3a7a4i MO TeUiro B’S3KOi PIIMHU MO IJIACTHHI 3i
cTaluM BimOopoM pinuHu. BomHouac, mpoBezeHi

Ry}

pO3paxyHKH MOKa3yloTh, 110 BeNWYHHA |—e
crae OJM3BKOIO /IO OAWMHUIN Ui pealbHUX Ta3iB,
0 TPaHCHOPTYIOTHCS  TPYOONPOBOJOM  MpH
L=20 cm Bif NOBEpXHi, a s PifMH — NpH

L=1-2 cm, tomy nomymenns (12) Bimmosimae
peanbHii (I)ISI/ILIHII/I KapTHHI IIPOIIECy.

OueBHUHO, 3aJaBIIH Vo Ta v MOXKHA 3HAWTH

BeNMYHMHY L, 3a sIKOT 3HaYeHHS A MaJo BiJpi3Hs-
€THCS BiJI OJJMHHIIL

Llen ! .
Vo \1-4

BucHoBku

(18)

[IpoananizyBaBIM oJiepKaHi pe3yiIbTaTH B
npezcTaBieHiit pobori i B poborax [1, 2], MokHa
3ayBaXXWUTH, 1[I0 TpH  PO3B’sA3aHHI  3ajad,
MOB’SI3aHUX 3 BH3HAYCHHSIM MICIsl BUTOKY PiIUHH
Ta OIIHKU IX IHTEHCHBHOCTI, 4acTO (DIrypyroTh 3a-
JISKHOCTI BUILY:

f(x)=Ce™™ =£x.
e

Le mopomkye meBHi npobieMn NpH OLHLI
Bl}:[HOBl}Z[HI/IX BCJIIMYHMH, OCKUIBKH MAa€ MiCIle MO-
MEHT, TIOB’SI3aHUI 3 TOHATTSAM PIBHOMIpHOI Herle-
pepBHOCTI QyHKui# [4]. Hanpukman, mix gBoma
TOUuKaMu: x; =lnn T1a x, =InMn, ne M >>1,
BIJCTaHb MK AKUMHU:

X,—x;=InMn—-Inn=InM >1,
PI3HUIIS B 3HAUYEHHSX (PYHKIIIi:
C _C_1-M
x —_— — e —]
1/ (x2) )|= 7 Vn

MPSIMY€E JI0 HYJS TIPH JOCTaTHBO BEIMKUX 3HAYECH-
HAX 7, TOOTO imeHTH(}IKaIlA MICII BUTOKY
11OB 51321 3 TEBHIMMU TPYIHOLIAMH.

lpu Bukopucranui sanexsocti (15) moxna
OMUCATH PO3MOAUT TIOB3JJOBXHBOI KOMIIOHEHTH
IIBUAKOCTI TIPH OOTIKaHHI IUIACTHHM 3 BiIOOPOM
pinvHM abo ra3y 3a HasSBHOCTI Mepenamy THUCKY
B3JIOBXK TUIACTHHH, IIO JIO3BOJISIE BUBYHUTH MOBEII-
HKY Pi3HUX PEYOBHH IPHU OOTiKAHHI TUTACTHHHU 32
TaKUX YMOB. 3 TEOPETHYHOI TOUKHU 30pY, OJIepKaHi
pEe3YNbTaTH € TOYHUM PO3B’S3KOM JBOBHMIpPHOT
cramioHapHoi cucremMu piBHsAHb Hap’e-CTokca,
MPUYOMY MPOBEACHUM aHAIli30M BCTaHOBIICHO, 1110
Bunasiok (3) € €IMHUM, KON TpU yMOBI
p #const MOXHa OJIepKaTh TOYHUI PO3B’SI30K
cucremu (1): skmo p= p(x), To Opyre i Tpere
piBHsHHS (1) 32/10BOJIBHSIOTHCS TOTOXKHO, a TIepIe
3aIUCYEThCS Y BUTIISII:

du  ldp d’u

Vyg—=——"—F7+v—. 19
0 dy P dx dy2 ( )
3ammcyroun (19) y Burmsimi:
2
d A du _1dp (20)

dy dy pdx’
MOXHa 3pOOMTH HACTYINHHI BHCHOBOK: PIBHICTB
(20) mae wmicrie nuIIe B TOMY BUTIAJAKY, KOJIHU:
Jdu o, d d
+Vo— Lo const ,
dy dy pdx

2
. d“u du
OCKUIBKM BEIMYMHA V—+ Vo—
d

21

€ (QyHKIIiE0

HEBIZOMOI y, TOMI SIK l@ € (YHKIII€0 HEBI0-
p dx

Moi x. O4YeBWIHO, B TAaKOMY BHIIaJIKy Mae OyTH

BHKOHaHA yMoBa (21), ToOTO, TUCK MTOBHHEH 3a]10-

BONBHATH YMOBI (3). TakuM 4YMHOM, TOAANBIII J0-

CIT/DKEHHSI MOXKYTh OyTH TTOB’s13aHi 3 BCTAHOBJICH-

HaM BenuunH k£ B (3) Ta p B (1), BUBUEHHSM ITO-

BEIIHKU po3B’si3Ky (15) Anst pi3HUX THIIB PEHOBUH

[3].
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